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On Linear Transformations which Leave an Hermitian 

Form Invariant. 

By J. I. Hutchinson. 



Any Hermitian form whose determinant is not zero may be reduced by a 
linear transformation to 

n 

#=2A t M„ (1) 

i=l 

in which the coefficients \ are real and p of them are positive. The number p 
is invariant for any given form.* This fact will be referred to as the Law of 
Inertia. 

It is the object of the present paper to consider some of the properties of 
linear transformations for which H is invariant, f For this purpose it is 
sufficient to consider the cases in which p does not exceed \n, since the forms 
H and — E are invariant for the same substitutions. 

§ 1 . The Transformations 8 and their Classification. 
Let the equations 

n 

(S) a£ = 2 e w z, (ft = 1, 2, .... , n) 



define any linear transformation whose determinant is not zero. If H is un- 
altered by S, the coefficients c ki must satisfy the conditions 

J/* 6 " * -to, " j=f=i. (2) 

* See A. Loewy: "Ueber bilineare Formen mit conjugirt imaginaren Variablen," Mathematische Annalen, 
Vol. 50 (1898), p. 563. 

t We follow the methods used by Picard for the case n = Z in his memoir, "Sur les formes quadratiques 
ternaires indgfinies & indeterminees conjuguees et sur les fonctions hyperfuchsiennes correspondantes," Acta 
Mathematica, Vol. V (1884), § 16, rather than the symbolic methods of Frobenius as employed by Loewy, loc. cit. 
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If the n equations (S) be multiplied by 7i k c ki (k = 1, 2, , n) and added, 

we obtain, after using (2), the inverse transformation S' 1 in the form 

1 n 
(S- 1 ) «i = 3T 2\%4 (*=1, 2, ....,n). 

Since /S" 1 also leaves H invariant its coefficients satisfy the conditions 

Jl - f V, when J = ft, 

which are equivalent to (2). 

In what follows we shall not distinguish between two substitutions whose 
corresponding coefficients differ by a common factor. Such a factor is necessarily 
of the form e 4 *. 

The transformation S contains 2n 2 real constants which are subjected to n z 
real conditions (2). Accordingly, the substitution S contains n z arbitrary real 
parameters. * 

For function-theory purposes it is often desirable to introduce non-homo- 
geneous variables, which will be defined by the equations 

u a = zjz n (a = 1, 2, . . . . , n — 1). (3) 

Let u a be separated into real and imaginary parts, u a = u' a + iu'J. The values 
of these 2(n — 1) variables will be associated with the points of a flat space R 
of 2(n — 1) dimensions. 

Denote by F the function H/z n z n of u lt u lt , u n _ lf «„_!• The locus 

F = (4) 

is transformed into itself by the substitution S, while any point not on (4) is 
transformed into a point on the same side of this locus unless p = \n. We will 
call the region defined by the inequality F>0 the inside of F. 

§ 2. The Fixed Points. 

We now proceed to the consideration of the points of R which remain fixed 
for the transformation S. For convenience we will return to the homogeneous 
notation. At a fixed point we have 

»* = p»* (* = 1, 2 , » n )- 

* The transformation may be put in a form in which the superfluous parameters are eliminated from the 
coefficients. See the foot-note to page 200. From the definition of T there given it is readily found to con- 
tain n* arbitrary real parameters. 
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Substituting in the equations (S) we obtain the conditions 

c M z i + c u z i + .... + (c kk —p)z k + .••• + e kn z n = (& = 1,2, ...., n). (5) 

If G denote the determinant of these equations, then, as is well known, the 
value of p is found from the characteristic equation C= 0. 

If, on the other hand, we substitute z' = pz in the equations (S' 1 ) and 
divide each one by p, we obtain 

*i °u *i + *s % f% + • • • • + ^« (c« — p -1 ) z.£ + • ■ • • + A» c n( 2 rt = (t = 1, 2, . . . . , n). 

Denoting the determinant of these equations by C', we obtain for p the equation 

C' = 0. After dividing out W h n , we observe that if in the resulting 

equation every letter is replaced by its conjugate, the equation so obtained is 
the same as (7=0 except that p is replaced by 1/p. Hence, if p is a root of 
C=0, then 1/p is also a root of the same equation* 

We therefore have a number q of pairs of roots p lt p 3 = l/p^ p 3 , p 4 = l/p 3 , 

, p 2s _i, P23 = l/p22-i whose absolute values are reciprocals, and different 

from unity. The remaining roots p ?2+1 , , p n are then unimodular. Suppose 

these n roots are all distinct. By a linear transformation T the substitution S 

may be put in the form $. = p A .f ft (h — 1, 2, , n). Expressing H in terms 

of the variables £ by means of !T it takes the form 

q _ n 

H = ^ (a 4 (jh £ gl + a i ^2i S21-1) t 2 a y £ v ( v . 
Now make the transformation 

&1-1 = (%;-i + %t)/ a « j £2* = i (>7»f-i — %«)l £y = *?Y > 
and we obtain 

q n 

H=2 {yi u _ x VJ U _! — Y! 2i Y[ U ) + X a y Yi y y y . (6) 

i=l Y=2?+l 

According to the Law of Inertia q can not exceed p. It follows that when the 
roots of C=0 are all distinct the substitution # belongs to one of p-\-l different 
types according to the value of q. When q = 0, S will be called elliptic. In 
other cases it will be called hyperbolic of the q-th type (q = 1, 2, . . . . , p). 

Our next problem is to determine the positions of the fixed points of S. 
Suppose at first that the roots of (7=0 are all distinct. In that case we have 

* This result is obtained by Loewy (loc. cit., p. 566) by an application of the symbolic methods and results 
of Frobenius to the Hermitian form. For the case n = 3 it was first given by Picard, Acta Mathematiea, Vol. V 
(1884), p. 164. 

26 



198 Hutchinson: On Linear Transformations 

n distinct fixed points P 1} P 2 , , P n corresponding respectively to the values 

Pi, p 2 , , p„ of p. At the fixed points P k the equations (S) reduce to 

z[ = p k Zi(i = 1, 2, , n). If J3"' denote the transformed form SX 4 a( i{, then 

at P k we have the relation E' = p fe p ft 5"= E, whence (p k p ft — 1) E= 0. If* j p & | 
is not 1, it follows that if is 0. Hence, 2 q fixed points of a hyperbolic substitution 
of the q-th type are on the locus F=0. 

When the roots p k are all distinct, E may be reduced to the form (6) and 
therefore the coordinates of the fixed point P y (y = 2<? + 1, ••••, w) are 
J7 fc = (& =£ y). If these be substituted in E, it reduces to a y Yi y *j y and will 
therefore be positive or negative according to the sign of a y . On account of the 
invariance of the number p and since (6) has already q positive terms, it follows 
that p — q of then — 2q remaining fixed points P y are inside F=0 and n — p — q 
are outside. Applying this result to the case q = we may say that p fixed 
points of an elliptic substitution are inside, and n — p are outside the invariant 
locus F. 

The case of fixed points when the characteristic equation has equal roots 
will be considered later. 

§ 3. Reduction of E to the Canonical Form. General Case. 

Before taking up the case of equal roots p fc , we will first give some general 
transformations relative to the reduction of any Hermitian form to a canonical 
form. Let E be written in the most general form Xa ik ^l k} assuming the 
determinant A of the coefficients to be different from zero. If for a particular 
coefficient a mm of the main diagonal of A the corresponding minor A mm is not 
zero, then a first step in the reduction of H to the canonical form is made by 
means of the transformation 

£« = *Ik + (Ami Amm) *lm (x ^ TO, Z = 1, . . . . , ft) 1 „v 

bm ~~ *?m • J 

Expressed in terms of the new variables E becomes E x + ( A[A mm ) yj m vj m , in 
which H x = 2 a Kk Yi K yj K , the indices x, A taking all integral values from 1 ton 

with the exception of m. The determinant of the form E x is A mm , which is not 
zero by hypothesis. If any minor of A mm corresponding to an element of its 
main diagonal is not zero, we make another substitution of type I, and thus 
continue as long as possible. If a stage is reached at which (I) can no longer 
be used, we employ a transformation of the following type. 
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Suppose that in A the minor A mm is zero but that the minor A lm is not zero. 
In that case we can apply the transformation * 

& = >7x+(AmMlmKl, 

(AIA lm ) & = $ [(1 — a mm ) «7x + (1 + a mm ) ^ m ] — 2 a Am >? A , L (II) 

in which a, takes all values from 2 to n with the exception of m. The form H 
reduces to 

>7i>?i — »7m»7m + 2a*Vk% (^,^ = 2,3, , rn— 1, m -f 1, , w). 

A, n 

For, from the first equation (II) we obtain by changing to conjugate imaginary 
values, multiplying by a iX , and summing with respect to \ 

«n ?i + 2 a a & = on £ + 2 a iA [^ + (I Aro /2 lm ) £] . (7) 

A A 

Since a iA = a Ai , J. = ^1, and A mm = 0, the terms in the right member which 
contain ^ vanish unless i = m, in which case they reduce to (A/ A lm ) t, x and 
we have 

«mi ?i + 2 « TOA ? A = 2 a mA >? A + (4/2 lm ) ?i . (7') 

Multiply (7) by £ 4 and sum with respect to i for all values except m. This gives 

2 a OJ 8 £a £| = 2 a Aft >7 A ^ , (8) 

a, j3 A, jit 

in which a, /? take all values except m, and /I, ^ all values except 1 and m. 
Now write H in the form 

2 cj a/3 £„ £p ■+• 2 a am s« Sm t 2 a. ma £ TO £ a + a mTO C, m £ m 

and use the second and third equations (II) together with the relations (7') and 
(8). This leads to the result previously indicated. 

§ 4. Reduction of H when C Has Equal Roots. 

Suppose that the characteristic equation C= has a number of equal roots 

pj = p 2 = = p m = p. There are two cases to be considered, according as p 

is unimodular or not. 



* This, and (I), are adapted from Gundelflnger, "Ueber die Transformation einer quadratischen Form in 
eine Summe yon Quadraten," Crelle, Vol. XC1 (1881), p. 223. 



200 



Hutchinson: On Linear Transformations 



In the first case we suppose iS reduced to the normal form 

Mi .... 



0M, 



M, 



(* + 2 



(9) 



in which the Mi are square matrices defined as follows : 
pp .... 
0pp. 



M< 







Opp 

..Op 



(t = l, ...-,/£), M„ + l = 



p0 
Op 



It is not necessary to specify the form of M^ +Sf except that it does not depend 
on p. Denote the orders of these matrices by e 1} &>, . . . ., e M e^ +1 respectively. 

The integers e 1} , e^ are the exponents of those elementary divisors of G 

containing the root p which are greater than unity. We suppose them arranged 
in decreasing order of magnitude, ei>e 2 > e s * • • • > e »> 2- 

The condition that H be invariant for S may be expressed by the matrix 

formula 

S'AS=A, (10) 

in which A is the matrix of the coefficients a ik of H, S is the matrix obtained 
from S by changing every element into its conjugate value, and S' is obtained 
from S by interchanging rows and columns. In forming the product the elements 
of the i-th row of S' are muiuplied into the elements of the &-th column of A 
to form the element of the i-th. row and Jc-th. column of the product matrix. 
The resulting matrix is combined in a similar manner with S. That (10) is 
the condition for the invariance of H may readily be seen by substituting 
z'i =Xc ik z K , z' k = 2 c kli i M in W = X a« z l z'k ana " making the matrix of the result 

A 

identical with A. * 



* The substitution (Scan be expressed in but one way in the form {A + T) - 1 (A—T) in which T is subject 
to the restriction T+T' = 0. The suml + f means the matrix whose elements are the sums of the corre- 
sponding elements in A and T. It may readily be shown that any substitution of this form changes E into 
itself. For, the matrix equation (or identity) 

A' + T' + T+ TA-i T' = A' - f ' - T+ TA-i f> 
may (by use of A' = A, the condition that H is an Hermitian form) be written 

(1 + TA-i) (2' + 5") = (1 - TA-i) U' - T>) 
or K4-i IP = VA-* V, 
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Using the form (9) for S, the product (10) is 



8jit 

$21 > 



So 



12, 



^ 



'22 ! 



l*+2 
' ) ^2, n+2 



#, 



& 



& 



(11) 



-V+2, 1 ) w i»+2, 2 , • • • • , w At+2] ft+2 

in which S ik represents a matrix of e i rows and e k columns constructed in the 
following manner. Let M| denote the matrix obtained from S' by replacing 
all its elements by zeros except those in M[, and let W k be formed similarly 
from S. Then construct the product M* A M k in the same way as described 
for (10). The non-zero elements of this product form a matrix of e % rows and 
e k columns which is denoted by S ik . If now we impose the condition that the 
matrix (11) is identical with A, the matrices Sy. take the special forms 








a a+fi _ rk , p +rk 












a„ 



a„ 



a a+ ri , a a.+r i s 0+1 



"a+r { -2, 0+2 

M-r^-l, /J+l 

a a+r,, 0+r s 

in which a = e 1 + ....+ e^, p = e : + . . . + e k _ u r t = e i —l, r k = e k — 1, 
and i, h do not exceed fi, *'<&; 

a. 



Ok — 








a 



'"+1, 0+n-l 



a a+l, 0+r 



a <*+n.0+'- s -n 



a 



a+r,, 0+l-j 



in which U=A + T, V=A — T. By taking the inverse of both members, we have 

{Un-iAU-i =(r')-'4H, 
whence V (W)- 1 AU-* V = A, or (U- 1 V)' Ad!-' 1 V) = A. By comparison with (10) we see that CT— i For 
{A + f)-i (A-T) transforms if into itself. 

On the other hand, if S is the matrix of any substitution which transforms H into itself, then a matrix T 
is uniquely denned by the formula T=A {E—S) (E+S)- 1 , in which E is the unit matrix. The solution of this 
equation for S gives S = (2 + ZV 1 (I- T). 

Moreover, f' = Itf + S')- 1 (E-S')A = (E + 8')- 1 (E + S'-2 S') A = 4-3 (^ + 5')_i £' 4- But we have 
T=4(2^-J'-iS)(^+5)- 1 =2 4(^+S)-i-4rr2X(^+X-i5'-i4)-i- J 4(using(10))=2t(-E , + 4-i/S'-'4) J i-i]- 1 
-A = 2 (A- 1 + A-i £'- H -4 = 2 [A-i S'- 1 (S' + ^J]- 1 -A = 2 (E+S')- 1 S'A-A. Hence T+ f' = 0. 

This proof is given, in a somewhat different form, by A. Loewy in Nova Acta der Kaiserl. Leop.-Carol. 
Deulschen Akademie der Naturforscher, Vol. LXXI (1898), § 2. 
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8i, M+l — 







a a+r J( p • • • • a a+r t , fi+p-1 



f »M+1, < — 








a, 



'«, fi+Tf 



a, 



o+l, 0+f, 



a, 



'«+(*-!, P+r 4 



and $ i(/t+2 , ^+3,i have all elements zero. "We observe in particular that when 
e t = e k , S ik is a square matrix having zero elements above the second diagonal 
and hence but one non-vanishing element in the first row. If e t > e k , all the 
elements of the first row are zero. The non-zero elements satisfy certain con- 
ditions which it is not necessary to specify. 
If now we assume e x >e 3 , it follows from the remark just made concerning 

the first row of S ik and from the conditions e z > e s that all the elements of 

the first row of J. must be zero except a lei . Hence the minor A eu6l is zero 
and by applying transformation (II) we express H in the form 

»?i>7i — *!**!* + Hit 
in which H z contains only n — 2 variables, whose coefficients are the same as the 
minor of A obtained by erasing the first and the e 2 -th rows and columns. If A i} 
the matrix of the coefficients in jET 3 , contains but one non-vanishing element in 
its first row, it will be a z< ^_ x . This happens when t x — 1 > e a . We repeat the 
transformation (II) on ff z , obtaining 

H 2 = *l» % — *7ex-i *7e,-i + #* • 
This process is to be continued as long as the first row of each successive matrix 
A, A 2 , A it .... contains but one non- vanishing element. If e x = e 2 + e (e> 0), 
the matrix A u contains the least two non-zero elements in its first row, namely 
a H-i,es, aQ d a e+1(ei+62 . We reduce this second coefficient to zero by substituting 
for the variables* £„,, £ ft+ei in H ie the expressions 

Se 2 == ^ej T a e+l, ei+ej T«i+e2 > S«i+es = tt e+l, e, *7ei+ej • (12) 

If other non-vanishing elements occur in the same row, they can be reduced to 
zero in like manner. It is to be observed that if any coefficient a ik is changed 
by this transformation into b iki its conjugate a H is at the same time changed 
into b ki = b ik . 

We now continue with the transformation (II), it being necessary after each 
application to reduce all the elements in the first row of each remaining matrix 



* To avoid multiplicity of notation we shall repeatedly use the letters f and 9 to denote the variables 
before and after any transformation. 
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to zero except the one element which occurs in S n . If e x is even, this process 
can be continued until all the rows and columns of A which pass through S u 
have disappeared. If e x is odd, there will be one row and column left, containing 
the common element a aa (a = £(e x + <%)). After reducing all the elements of 
this row and column to zero except a aa by means of (12), we make the trans- 
formation (I) in which m is replaced by a, and x runs from a + 1 to n. One 
more term is thus obtained for the canonical form, the sign of which is unknown. 

In this manner we have replaced the first e { variables £ x , , £ ei of the form H 

by new variables which are reduced to the canonical form. The number of terms 
in this group which are certainly positive is e x \1 or {e l — 1)/2 according as e x 
is even or odd. These numbers can be expressed by the single formula 
i[2«i-l-(-l)*]. 

We proceed to reduce the next set of e % variables £ ei+1 , , £ 6l+62 in the 

same way, and so on. The final result may be expressed in the following 
theorem : 

If the characteristic equation C=0 o/ the substitution S has an m-fold root 
p (p p = 1), and if the exponents of the corresponding elementary divisors are e Xi e 2 , 
• • • • > { e i + € 2 + • • • • = m )j then these numbers are restricted by the condition 

*2[2<,-l + (-l)'']<l> l (13) 

i 

since the left member gives the number of terms which are certainly positive after E 
has been reduced to the canonical form. 

This summation may extend to all the exponents e, since in case any of 
them are equal to unity the corresponding terms in (13) vanish. 

We turn now to the case in which the m equal roots p are not unimodular. 
Let a denote the root of C=0 which satisfies the relation p<7 = 1, and let the 
exponents of the elementary divisors corresponding to this root be e{, 4, . . . ., 
(X e[ = m', m' being the number of equal roots a). As will be seen presently, 
the numbers e[ and e t coincide. Suppose S reduced to the normal form 

M 1 



M., 



M-l 



#1 



-"h-3 



in which M t has the form indicated in (9), N t is a similar matrix in a of order e{, 
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and N y+Z is expressible in terms of the remaining roots of the characteristic 
equation. 

The product S'AS will be made up of matrices obtained from MlAMk, 
M'iANk, Nj'lNj, etc., as described in connection with (11) except that in 
M'iAWjc, N^N** every element is multiplied by pp, era respectively, and 
since these multipliers are not unity the elements all vanish when condition (10) 
is imposed. The same is true of all the matrices whose symbols contain the 
letter N v+2 excepting only N^-iN,^. Assume as before that the exponents 
e f (and e[) are arranged in descending order of magnitude. 

Suppose now e 1 ^>e[. Then the matrices M^Ns have all the elements of 
the first row zero and the determinant S'AS would vanish. Moreover, we 
can not have e[ ~P~e u since then the first column of S' AS would consist only of 
zeros. Hence e[ = e 1 . If e x > e % or e[ (i > 2), the only non-zero element in the 
first row of J. is a lp , @ = rn-\-e l . Otherwise there are additional non-zero 
elements in this row which we reduce to zero by means of the transformation 
(12). Supposing this has been done, we observe that the element a pp occurs in 
the matrix N{iNi, and is therefore zero. Hence in transformation (II), 
which we now apply, the term a mm is zero. The form H then becomes 

m »7i — »7fl >7j3 + H* , #8 = 2 ««x y\ k yi k (x, A. =£ 1, /3). 

K, A 

The determinant A % of H 2 is the minor of A obtained by striking out the first 
and the /3-th rows and columns. 

The above process is repeated on H 2 , giving 

#2 = V2 n% — yifi-i vp-i + #4 • 
This may be continued until the variables with subscripts 1, 2, . . . . , e lt fi, (3 — 1, 
. . . ., /? — e x + 1 have been replaced by new variables in the canonical form 

«i 

The remaining portion of H, which we will denote by H 2ei , has for the matrix of 
its coefficients the minor A 2ei of A obtained by erasing all the rows and columns 
meeting in the matrices MJiNj, NMlp 

We may now prove by a repetition of the argument used above that e^ = e i} 
since otherwise A 2ei would vanish. We next reduce H ZCl to a sum of e 2 positive 

* It will be convenient to use these symbols to denote the matrices of e t rows and e k columns formed by 
omitting the zeros. 
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and e 2 negative terms plus a form H i{ei+eil) the matrix of whose coefficients is the 
minor obtained from A 2ei by erasing all the rows and columns meeting in the 
matrices ~M.' 2 A N 2 , N 2 -4M 2 . This process is to be continued as long as there 
are e's left which are greater than unity. The coefficients of the remaining terms 
of H which are not affected by the preceding transformations form the matrix 

o m; +1 ^n, +1 o 
n; +1 ^m, +i o o 

o o n; +8 ^h m+2 

since by a repetition of a preceding argument we evidently have v=p. Now 
reduce all but one of the terms in the first row of this matrix to zero by means 
of (12) and then apply (II), and so proceed until all the elements of M^+i^LN^i 
have disappeared. 

We thus obtain an expression for E in which the first 2m variables have 
been reduced to the canonical form, the terms containing them being alternately 
positive and negative. There are m positive terms and hence in this case m <^. 

Suppose now that the characteristic equation (7=0 has m 1 equal roots p lt 
m 2 equal roots p 2 , . . . . , m k equal roots p k , none of these being unimodular and 

m i » m s > • • • - > m k > j a l so the same number of equal roots a x , <r 2 , t a k such 

that pjffi= 1. Suppose further that there are fi x equal unimodular roots r lf /k 2 
equal roots t 2 , . . . ., (i K equal roots t K ((i lt . . . ., (i K > 1), and let e a , e®, .... 
denote the exponents of the elementary divisors corresponding to the root t,. 
If the substitution S be expressed by means of suitably chosen variables in the 
normal form corresponding to (9), it is evident that when H is also expressed 
in terms of the same variables it consists of groups of terms, the first group con- 
taining only the variables £ 1; , £ 2mi , the next group containing only £ 8mi+1> 

. . . ., ^g( m , +TO2 ), and so on to the (k + l)-th group containing only the variables 

£ a , , £ 0+|Ul (a = 2WIJ+ +2^), etc. It is further clear that each group 

of terms can be reduced separately to the canonical form.* Counting up the 
total number of terms which are certainly positive we obtain, as a restriction 
on the possible number of equal roots, the formula 

2 «», + * 2 [2«„— 1 + (~ 1)**] <p, X 2 m t + 2 e* = n. 

i a,0 

* The reduction of H to the canouical form is virtually contained in the processes and results of the 
Acta Nova memoir of Loewy previously quoted. It is believed that the different treatment presented above 
will be found advantageous in various respects. 

27 
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§ 5. The Fixed Points when G Has Equal Roots. 

To determine the fixed points of a substitution whose characteristic equation 
has m equal roots p, consider S in the normal form (9). The fixed points corre- 
sponding to the root p are determined by the equations £<' = p£ 4 . These reduce to 

S2 = S3 — • • • • = S<5! = " J Sei+2 = Se,+3 =.■••== <,ei+e 2 = J . . • ■ J 

£ fc = (k = m + l, m + 2, , «). 

Each of these equations is equivalent to two equations in real variables. They 
therefore determine a flat space of 

2 [n — 1) — 2 [2 («j — 1) + n — w] = 2 [m — 1 — 2 (e* — 1)] 

dimensions. But since 2e ( = wi, this number reduces to 2 (X. — 1), in which /I is 
the number of elementary divisors containing the multiple root p. From this 
result we deduce the evident generalization : 

If G ■=. has m 1 equal roots p lt m 2 equal roots p 2 , . . . ., m s equal roots p s , then 
the fixed points of S constitue s fiat spaces of dimensions 2 (/L a — 1 ), 2 (X 3 — 1 ), . . . . , 
2 (\ — 1) respectively, in which \ is the number of elementary divisors containing 
the root p £ . None of these s loci have points in common. 

This theorem includes the simple roots, since the corresponding values of % 
are 1 and 2 (/I — l) has the required value zero for such cases. 

Cornell University, October, 1909. 



